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Abstract. In this paper we show the lower bound of the set of 
non-zero —K^ for normal surface singularities establishing that this 
set has no accumulation points from above. We also prove that ev- 
ery accumulation point from below is a rational number and every 
positive integer is an accumulation point. Every rational number 
can be an accumulation point modulo Z. We determine all accu- 
mulation points in [0, 1]. If we fix the value —K^, then the values 
of Pg, Pa, mult, embdim and the numerical indices are bounded, 
while the numbers of the exceptional curves are not bounded. 



0. Introduction 

For a normal surface singularity (X, x) over C, we have two kinds 
of plurigenera 7m(X, x) and 6m{X,x) which are defined by KnoUer 
and Watanabe |T^ respectively. Both plurigenera grow in order at 
most 2 and the coefficients of the term of degree 2 are rational num- 
bers. The leading coefficient of 7m(X, x) is —K'^/2, where K is the 
numerical canonical divisor on the minimal resolution (cf. 0), and 
that of Sm{X,x) is -P'^/2 (cf. [0). It is well known that -K^ = 
if and only if the singularity is a rational double point. In this paper, 
we study the set of the values of —K^. The set {—P^} is studied by 
Ganter in [Q. Her results are: if one fixes the numerical index m of 
singularities, then non-zero —P^ has the lower bound l/42m and the 
set of —P^ has no accumulation points from above, which is equivalent 
to the descending chain condition (D.C.C. for short) because of the 
lower bound. Here one should note that there are accumulation points 
of —P^ from above, if one does not fix the numerical index (see 3.10 ) 



Our results on —K^ are simpler. The discussions go well without fixing 
the numerical index. We prove that non-zero —K"^ has the lower bound 
1/3 and the set of —K^ has D.C.C. Then we show that all accumula- 
tion points from below are rational numbers and every positive integer 
is an accumulation point. There are many accumulation points so that 
every rational number can be an accumulation point modulo Z. The 
accumulation points in [0, 1] turn out to be {l,m/(m -|- l)|m G N}. 
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Lastly we fix the value of —K^ and observe the behavior of some in- 
variants of singularities. We can see easily that the numbers of the 
exceptional curves are not bounded, but we prove that invariants p^, 
Pa, mult, embdim, and the numerical indices are bounded. 

For compact surfaces, this kind of problem is posed by Kollar in ||^ 
and answered by Alexeev in |^ and reproved by Alexeev- Mori in 
Our result for singularities on the property D.CC is similar to the 
compact case. 

We would like to express our hearty thanks to Professors Jonathan 
Wahl and Masataka Tomari for the helpful discussions with the second 
author. We are also grateful to the referee for the ideas which make 
the proofs of 1.2, 2.3 and 2.8 simple. 

1. Lower bound and D.C.C. for —K"^ 

In this paper all surfaces are defined over C. 

Definition 1.1. Let A = ^ Aihe a. compact reduced divisor whose in- 
tersection matrix {Ai- Aj)ij is negative definite on a normal Q-factorial 
surface Y . One defines the numerical canonical divisor K{A) as a Q- 
divisor with the support on A as 

K{A) ■A = KyA, 

for every i. In particular, if Y is the minimal resolution of a normal 
singularity (X, x) and A is the exceptional divisor, then K{A) is called 
the numerical canonical divisor of the singularity (X, x) . 

Note that K{A) is well defined because of the negative definiteness 
of the intersection matrix. 

First one proves a basic property on —K{AY. 

Proposition 1.2. Let A' < A he compact connected reduced divisors 
whose intersection matrices are negative definite on non-singular sur- 
face Y. Assume that there is no (-1)- curve on A. Then 

-K{A'y < ~K{Ay. 

Proof. Note that —K{A) and —K{A') are effective Q-divisors sup- 
ported on A and A' respectively. Hence {K{A) - K{A')) ■ C > K{A) ■ 
C > for a curve C C SuppA with C (/l SuppA', because A has no (- 
l)-curves. On the other hand, by the definition, (i^(yl) — ii'(A')) -C = 
for a curve C C SuppA'. Therefore K{A^) — K{A!) is nef on SuppA. 
Hence > [K{A) - K{A!))[K{A) + K{A)) = K{A)^ - K{A')^ □ 

Now one proves a lemma which is used for the lower bound and also 
D.C.C. for -K\ 
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Lemma 1.3. Let A = X][=i be a compact reduced divisor on a non- 
singular surface. Assume that the intersection matrix is negative defi- 
nite and A has no (-l)-curves. Then 

-K{Af>±{K{A).A,r/{-A^). 

1=1 

Proof. Since it is sufficient to prove the inequality for each connected 
component, one may assume that A is connected. If A consists of 
(-2)-curves, then the equahty holds, because the both hand sides are 
zero. So one assumes that A has a non-(-2)-curve. Then, denoting 
K = K{A) = J^f^i^i, it follows that mj < for every i, because K 
has non- negative intersections with all Ai. 
Therefore 

(|r|.l) K-Ai = rrijAj) ■ Ai = rmA^i + mjAj ■ Ai < rrnAl 

Substituting K ■ Ai/{-Aj) < -rrii into -K^ = -K ■ (E'^i^i) = 
■ Ai, one obtains the inequality. □ 



Theorem 1.4. Let K he the numerical canonical divisor of a normal 
surface singularity (X, x) . If (X, x) is not rational double, then 

- 3 

and the equality holds if and only if (X, x) is the cyclic quotient singu- 
larity X3 1. 

Proof. Let A = X][=i be the exceptional divisor of the minimal res- 



olution, then it satisfies the condition of Lemma|L3|. Let Ai be non-(- 
2)-curve and p its arithmetic genus. Then 

(K ■ A.r/i-A^) = {2p - 2f/{-Al) + 2{2p - 2) - A] > 1/3, 

and the equality holds if and only if A^ = —3 and p = 0. In fact, if 
p > 0, then the left hand side is > 1; on the other hand, if p = 0, then 
the left hand side is > 1 for -Af > 4 and is = 1/3 for -A^ = 3. By 
Lemma pr3| , it follows — > 1/3. Here assume the equality, then 
there is only one non-(-2)-curve Ai which is (-3)-curve and the equality 
should hold in (|1.3| .l); -^1 = 0. Since mj < for every 

j and A is connected, the last equlaity implies that there is no other 
component. □ 

In order to prove D.CC for —K^ one should prepare the following 
notion. 
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Definition 1.5. Let A = E[=i Ei and A' = ELi + E"=i be 
negative definite divisors with no (-l)-curves on non-singular surfaces 
Y and Y' respectively. One says that A' is a (-2)-insertion of A, or 
^4 ^ A' is a (-2)-insertion, if the following holds: 

Ei,E2,E[, E2 are (-2)-curves and Yl]=i Fj is a chain of (-2)-curves 

Pa{E,) = Pa{E'^) (Vz = L...,r) 
E,-E2 = l, E[-E', = 0, E,-Ek = E[-E'^, for{i,k) ^ (1,2) 
Fi ■ E[ = Fn ■ E2 = I 
F,-El = (yjj^l,n, W). 

In this case one calls jyj=i Fj the insertion string and E[, E'^ the props 
of the insertion string. 



Lemma 1.6. Let A' = EI=i + T,]=iFj be a (-2) -insertion of A = 
Ei=i Ei. Let E[ and E'2 be the props of the insertion string. Let (p be 
the contraction morphism of Fi, . . . ,Fn and denote ip^A' and (p^E[ by 
A" and E" , respectively. Then the following hold: 
(i) if the intersection matrix M of A is 

/-2 1 h 
M= 1-2 *a2 
^ ai a2 N ^ 

then the intersection matrix Mn of A" is 

/ n+2 1 
n+l n+1 

n+l n+l ^ 

\ ai a2 N 

(a) denote K{A) = J2^iEi, and K{A') = J2^iE'i + J2^jFj, then 
K{A")^^m'iEl, 

(Hi) K{A) ■ Ei = K{A') ■ El = K{A") ■ E'{ for every i = 1, ... ,r; de- 
note this value by Ci; then Q > 0, Ci = C2 = and m =* (mi, . . . , rrir), 
m' =* (m'l, . . . ,m'j.) are the solutions of linear equations Mm = c, 
M„m' ~ c, where c =* (ci, ... ,Cr); 

(iv) -K{A'f = -K{A"y = -*m'M„m' = -^cM'^c and 

-K{Ay = -*mMm = -^cM-^c. 

Proof, (i) follows from that <p*E'l = E[ + ^Fi + . . . and the sim- 

ilar equality for v'*i?2 • ^^e singularity obtained by the contraction (p 
is a rational double point, it follows that K{A') = (p*K{A"). (ii) follows 
immediately from this fact. In (iii), the equality K{A')-E'- = K{A")-E'l 
follows also from this fact. The equality K{A) ■ Ei — K{A') ■ E^ follows 
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from the fact that every pair E'^ has the common arithmetic genus 
and the self intersection number by the definition of (-2)-insertion. The 
statement of the value of q follows from that A' has no (-l)-curve and 
E[, E'2 are (-2)-curves. The first equality of (iv) also follows from that 
K{A!) = ip*K{A") and the rest is from the definitions. □ 



Lemma 1.7. Let Mn he negative definite rxr real symmetric matrices 
for every integer n > as follows: 



/ n+2 1 t 

I n+1 n+1 1 
1 n+2 t 



n+1 n+1 



a2 



\ ai a2 



Assume that every {i, j)-entry of Mn is non-negative for i 7^ j. Let q 
(i = 1, . . . ,r) be non-negative real numbers with Ci = C2 = and c be 
*(ci,...Cr). Let m. — ^{mi,...,mr) and m' — *(m^,...,m^) be the 
solutions of linear equations MqHH — c and M„m' = c, respectively. 

Then, 

(i) rrii <0 and < for every i, and 
(n) 

-*m'M„m' = -*mMom H (mi - m2){m[ - m'2). 

n + 1 

Proof, (i). Let eij be the (i,j)-entry of Mq. Let Ui be if > 
and if mi < 0. Let n\ be if m, > and —rrii if m^ < 0. Then 
n = . . . , Ur) and n' = . . . , n'^) satisfy that m = n — n'. 

One will prove n = 0. 

< *nc = *nMom = *nMon - *nMon'. 

Here *nMon < by the negative definiteness and *nMon' > by 
Uieiju'j > for every i, j. Therefore n must be 0. The proof for m- is 
the same. For the proof of (ii) let Cjj and e[j be the (i, j)-entries of Mq 
and Mn, respectively. Then 

*m'M„m' -* mMom = T,i,j>i m'^rn'^e'^j - Ei j>i minijeij 

= Ei>i Ci{m'- - mi) = Ei>3 Ci« - m) 

= Ej>i rrijimieij + m2e2j - m\e[ - - m'^e'^j) 
= -m'l Ej>i "^jCy - ?Ti2 Ei>i "^ie'a^- 

= - Ei=i,2j=i,2 m'-mje[j - m[ Ej>3 m^-e'^ - m'^ Ej>3 mje'^j 
= - Ei=i,2j=i,2 m'imje'ij - m[ Ej>3 ^jGij - m'^ Ei>3 "^^62^ 
= -J2i=i,2,j=i,2{mimje'ij-m'imjeij) = -^(mi-m2)(m;-m^). □ 



CHEN & ISHII 



Lemma 1.8. Let m, m' and he as in Lemmc pT^ . Then 

detMo 



m'l — mf, 



-(mi - m2). 



^ det Mn 

Proof. In the following, one uses the notation in Lemma [T7?| . Since m' 
is the solution of the linear equations: M„m' = c, by Cramer's formula 
one obtains that 

t. 



1 



rrir, 



det Mn 



detM„ 




- 


1 

n+1 
n+2 


n+1 


c' 


a2 


n+ 
j+ 

n+1 


f 




ai 


c' 



ai 



N 



*ai 
*a2 

N 



where c 



then 



rrir, 



C3, 



, Cr). For i = 1, 2, let Oj be 



detM, 
1 



■{- 



1 n 
a2 



n + 1 



r n + 2 



+ 1 
1 



det M„ ' n + 1 n + 1 



N 

ai + (terms independent of n)} 
«! + (terms independent of n,)}. 



Therefore 



1 



m'l — m'o = {(3.2 — cti + (terms independent of n)}. 

det Mn 

Now comparing this with the equality for n = 0, it follows that 
det Mn{m[ — m'2) = det Mo(mi — m2). 



□ 



Corollary 1.9. Let A' = YJi=iE[ + TJ]=iFj he a (-2)-insertion of A = 
T,i=iEi. Then 

~K{A'f > -K{A)^. 

Proof Under the notation in[r|, -K{A'f = -*m'M„m' and -K{Af 
— *mMom. Then by and |l]8| it follows the equality 

, ,.0 / X 9 n det Mn , , n 
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Here noting that Mq and M„ are negative definite matrices of tlie same 
size, one obtains tlie inequality detMo/detM„ > 0, wfiicli completes 
tlie proof. □ 



Theorem 1.10. The set {—K^\K is the numerical canonical divisor of 
a normal surface singularity {X,x)} has no accumulation points from 
above. 

Proof. Assume there exists an accumulation point a from above. Then 
one can take a sequence of surface singularities {(X(„), a;(„))}„gN, such 
that a = lim„_,oo(— and —K'^n) > ~^{n+i) where K(^n) is 

the numerical canonical divisor of the singularity {Xi^n),X(n))- Let 
be the exceptional divisor on the minimal resolution of {X^n), x^n)), E(_n)i 
and -F(n)j be non-(-2)-curve and (-2)-curve of respectively. Since 
-Kf^^ are bounded and (K^n) ■ ^(n)i) V(-^(n)i) > 1/3, ^(n) ■ i^(n)i = 0, 
the numbers of the components E(^n)i are bounded by pTSj Replacing 
by a subsequence, one may assume that the numbers of components 
i?(„)j's are the same; say r. By [L^ and the equality 

it follows that and —E'^n)i bounded; therefore one may as- 

sume that these are constant by taking a subsequence. Since (-E(„)i ■ 
E{n)jY < -^fn)i-^(n)j' ^^e intersections -E(„)i ■ -E(„)j are also bounded, 
so one may assume that these are also constant for every j). Now 
one may assume that the numerical conditions of the non-(-2)-curves 
{E(^n)iYi=i ^^^6 same for every n. Next one should note that the 
numbers of the connected components of -F(n)j's are bounded. In fact, 
every connected component has an intersection with at least one of 
the £^(n)i's because of the connectedness of the exceptional divisor, and 
the numbers of the connected components of -F{n)/s which can 
intersect are bounded because of the negative definiteness of the inter- 
section matrix. So one may assume that the numbers of the connected 
components of -F(n)/s are constant; say s. Let S'(„)fc, A; = 1, . . . , s be 
the connected components of F(„)j's. As the intersections of S'(„)fc's and 
E(n)iS are bounded, one may assume that each S(n)k intersects the same 
£^(„)j's with the same intersection numbers for all n. If the numbers of 
irreducible components of S(n)k are bounded for all n, then one may 
assume that the configuration of S(n)k U (U[=i -E'(n)j) is fixed. Note that 
S(^n)k is one of the configurations A^ {jn > 1), (m > 4), Eg, Ey, Eg. 
If the number of irreducible components of S(^n)k tends to oo, then S(n)k 
is either A^ or D^. Therefore one may assume that A(^n) ^(n+i) is 
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a composite of (-2)-insertions. By |1.9| one obtains that 



-Xf„) < -Kl 



(n+l)5 



which is a contradiction. 



□ 



2. Accumulation points of —K'^ 



2.1. Let A be a compact divisor on a non-singular surface. A string 
S" in A is a chain of (-2)-curves Ai, . . . , so that Ai ■ Aj+i = 1 (i = 
1, . . . ,n — 1), and these account for all intersections in A except that 
at least one of Ai and An intersects other curves. 



Now one prepare an easy lemma for (-2)-insertions. 



Lemma 2.2. Let A = ELi Ei A' = ELi + ^1 + ^2 be the 



composite of (-2) -insertions with the insertion strings Si and 82- If Si 
and S2 are in one maximal string of A' , then A A' is regarded as 
one (-2)-insertion. 



Theorem 2.3. All accumulation points of the set {—K^\K is the nu- 
merical canonical divisor of a normal surface singularity (A, x)} from 
below are rational numbers. 

Proof. Let a be an accumulation point of the set {—K^} from below. 
Then one can take a sequence of surface singularities {(A(„), X(„))}„gN 
such that a = lim„^oo(— A^^^-,) and —Kfn) < ^-^(n+i) ^^r every n, where 
A(„) is the numerical canonical divisor of (A(„), a;(„)). Let A(^n) be the 
exceptional divisor on the minimal resolution of (A(„),a;(„)) Replacing 
by a suitable subsequence, one may assume that y4(i) — > A(^n) is a 
composite of (-2)-insertions: y4(i) = A0...0 = E[=i-Ej, A(n) = ^ni...nfc = 
J2i=i E[ + Y!j=i Sj, where Sj = J2%i Fjs is the insertion string with the 
props E2j_i, E2j. And one may assume that if n ^ 00, then nj 00 
for all j = 1, . . . ,k. By \>,.2[ we may assume that every maximal string 
of A(^n) has at most one insertion string. Let (p be the contraction 
morphism of S"!, . . . , Sk- Denote v5*-4„i...nfc by A'^^ and v?*-E- by E'/. 
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Let M„^,.,„j. be the intersection matrix of ^4"^ then by (i) of pTG 



ni...TH. 



ni+2 
ni+1 






V ai 



ni+l 
wi+2 

ni+l 





a2 








nk+2 
1 

71fe + l 

a2fc-i 








_nfc+2 
rtfc+1 
a2fc 



*ai \ 

*a2 



a2fc-i 

*a2yt 

AT J 



Denote hm„j^ 



-K{A';^^ ,,J = -*cM-i .„^c, if one proves that M, 
follows that lim„^,.,.,„^_oo --ft'(A„^...„^ 



,n^^oo M„j...„^ by Moo...oo- Then by the definition of 
Mni...nkJ every entry of the matrix M00...00 is rational. By p. .61, K{A'^_^ ^J- 
E'l = K{Aq q) ■ Ei for every i and rii, . . . ,nk- Denote this value by 
Cj, and put c = *(ci, . . . , c^), then q is non-negative integer for ev- 
ery i and Cj = for i = 1,... ,2k. Noting that — f('(A„j = 
t^n/T-i ^ ifr.^^ A/T ^ ^ ig invertible, it 

^ — — ^"""^^"^ oo*^5 which is ratio- 
nal as required. First one claims that Moon2...nfc is invertible for every 
(n2, . . . , Uk). For this, it is sufficient to prove that, fixing (n2, . . . , Uk) 
there exists a positive number e such that | det M„^,,.„j.| > e for all rii. 
By the proof of 1.9, 

(ni + 1) det M„j„2...nfc 
This shows that mi 7^ 7712, because —K^ is strictly increasing. Since 



n.2...nfcy 



< a, it follows that 



detM 



ni I det Mon2...nfc | (^i - ma) 



nin2...nfc | 



7iin2...nfe 

)2 + i^(v4o„2. 



> 



detMon2...„J(mi - ma) 
2(a + K{A, 



> 



0n2---nfey 



for all rii. 



Next fixing (77,3, . . . , ra^), one will show that 



Take the solution m 



mi. 



oooona-.nfc is iuvcrtible. 
rrir) for linear equations Moo0n3...nfem = 



c. Then again by the proof of O 



cM~ c 



cM 



-1 

oo0n3...nj. 



C + 



n2 det M< 



00 0n3... rife 



>2 + l)detM< 



(mg - m^y 



oon2...nj; 



If m3 7^ m4, then one can proceed to get the regularity of 



00 oon3... rife 



m 



the same way as the discussion on ni. If ms = 1714, then ^cM^\^ ^^c is 
constant for every n2. In this case we define Moooon3...nfc to be Moo0ri3...rife 
which is invertible. 
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By the successive procedure, it finally follows that M^ __^ is invert- 
ible. □ 



Proposition 2.4. For an arbitrary rational number r, there exists an 
integer n such that n + r is an accumulation point of {—K^}. 

Proof. One may assume that r — k/m with k,m & N and k is even. 
Let A(^n) be a divisor Ei + E2 + Z^"=i Fj with the following dual graph: 
X — o — — — o — o, 

X 

where x — Ei [i — 1, 2) and — Fj [j — 1, . . . ,n). Assume that F^'s 
are (-2)-curves, and EiS arc non-singular curves of genus k/2 with self- 
intersection number —2km — 2. First note that these divisors can be 
constructed in ruled surfaces of genus k/2. Then one can show that the 
accumulation point of the set {—K{A(^n)y} is /c/m-|-integer. In fact, 
put K{A,^n)) = YH=im{n)iEi + YIj=iS{n)jFj, then, solving the linear 
equations, one obtains: 

(1 + l/n)k{2m + l) 
^('^^^ = ^('^^^ = (2;tm + 2)(-l-l/n) + 2- 

Therefore 

2(1 + l/n)P(2m+ l)^ 
,=1 (2A;m + 2)(l + 1/n) - 2 

which tends to ^ _ /j/j77,_|_integer, when n tends to 00. □ 



Proposition 2.5. For positive integers r, k withr > k—1, the rational 
number r^/k is an accumulation point of {—K'^}. 

Proof. For r, k such that r — k = l(mod2), take a divisor with the 
following configuration: 
o — ■ ■ ■ — — X , 

where o's are (-2)-curves and a; is a non-singular curve of genus (r — 
k + l)/2 with the self-intersection number —{k + 1). By the condition 
of r, k, the curve x is not a (-l)-curve; therefore this divisor can be the 
exceptional divisor of the minimal resolution of a singularity. Let the 
number of (-2)-curves be n, then, for the numerical canonical divisor 
K(^n) of the corresponding singularity, it follows that 
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Therefore if n tends to oo, then this value tends to r^/fc. 

For r, k with r — k = 0(mod2), take a divisor with the following 
configuration: 

o — — o — x~o— — o, 

where o's are (-2)-curves and x is non-singular curve of genus {r—k)/2 
with the self-intersection number —{k + 2). Then this divisor also can 
be the exceptional divisor of the minimal resolution of a singularity. 
Let the numbers of (-2)-curves of the both hand sides of x be n and s. 
Then 

= 1 

k + 2-n/{n + l)-s/{s + iy 

Therefore if n and s tend to oo, then this value tends to r'^/k. □ 



Corollary 2.6. An arbirary positive integer is an accumulation point 
of{-K'}. 

Proof. In Proposition|2.5|, put r = k. □ 



Example 2.7. Here one calculates the value of —K^ for rational triple 
points. Rational triple points are classified into 9 classes according to 
the dual graphs in [Q. In the following dual graphs, x denotes the 
(-3)-curve and a denotes (-2)-curve. 
In,s,t ■ o o- X - a 

o — ■ ■ ■ — o 

where n, s, t are the numbers of (-2)-curves in each string. Then 



i-n,s,t) 



3 - n/{n + 1) - s/{s + 1) - t/{t + 1) ' 
IIn,s :o— o — X — o — — o — o 

o 

where n is the number of (-2)-curves in the left string and s is that 
in the graph of the right hand side of x. Then 

n + 2 

1 1 In oiO— — O — X — O— — O 
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where n is the number of (-2)-curves in the left string and s is that 
in the graph of the right hand side of x. Then 

-K{III^,,f = 3_^/(^+l)_2(5_l)/(5 + l)- 
IVn :o — — o — X — o — o — o — o 



o 



where n is the number of (-2)-curves in the left string. Then 

-K{IV^) 



^2 _ 4n + 4 
~ 3n + 7' 

Vn O — ■ • ■ — O — X — O — O — O — O — O 



O 

where n is the number of (-2)-curves in the left string. Then 



3n + 3 



2n + 5' 



VIn :o— — o — o — o — o 



X 

^2 



where n + 2 is the number of (-2)-curves. Then —K{VIn) = {n + 
3)/9. 

VII:x-o-o-o-o-o Then -K{VIIf = 2/3. 



VIII -.x-o-o-o-o-o-o Then -Kiyillf = 4/5. 



IX:x-o-o-o-o-o-o Then -K{IXf = 2/3. 



Proposition 2.8. T/ie accumulation points of—K^ for normal surface 
singularities in the interval [0, 1] are m/{m + 1) (me N) and 1. 
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Proof. Let a G [0, 1] be an accumulation point of —K^. Then one 
can take a sequence of normal surface singularities {(X(„), a;(„))}„,gN 
whose numerical canonical divisors K(^n) satisfy < —K^n) < ^ 
lim„^oo(~-^(n)) ~ ^- Then (X(„),X(„)) are rational triple points. In 
fact, for the fundamental cycle Z on the minimal resolution of a;(„)), 
the quadratic form {xK + yZ)"^ is negative semidefinite, where K = 
K^n)- Therefore K^Z^ > {K ■ Zf. Since 1 > -K'^ and isT ■ Z is a 
non-negative integer, one obtains the inequalities: 

(13.1) - Z^ > {-K^){-Z^)>{K ■ Zf >K ■ Z. 

Hence Z'^ + K ■ Z < 0, which yields that Z^ + K ■ Z = —2 because 
Pa{Z) = 1+^{Z^+K- Z) > 0. Thus {X(n),X{n)) is a rational singularity. 
On the other hand, —Z^ > [K-Zf by ( |2.8| .l). This gives the inequality: 

{)> Z'^ + {K ■ Zf = {K ■ Zf - K ■ Z -2 = {K ■ Z +1){K ■ Z -2) 

by combining Z^ = —K ■ Z — 2. Hence K ■ Z = ot 1, equivalently 
Z^ = —2 or —3, which shows that the multiplicity of is 3 

since —K'^ > 0. 

For rational triple points, we have all accumulation points in the 
previous example. □ 



3. Boundedness of invariants for the constant —K^ 

In this section one observes the behavior of various invariants of a 
singularity under fixing —K^. 

Example 3.1. Under fixing —K^, the numbers of the exceptional curves 
on minimal resolutions are not in general bounded. For example A„ 
has n-exceptional curves and —K^ = for every n. 

One can also see such an example with —K^ ^ 0. Take singularities 
with the minimal resolutions of the following graphs: 

X — a — — — X, 

where x's are (-3)-curves and o's are (-2)-curves and the number of 
(-2)-curves is n. Then —K^ = 1 for every n. 

By these examples one can see that the boundedness, as in 0, for 
singularities under fixing —K^ cannot be expected. But still —K^ has 
a power to controU other invariants of singularities. 

Theorem 3.2. For a normal surface singularity {X,x), the numerical 
canonical divisor K , the multiplicity and the embedding dimension of 
(X, x) satisfy the following inequalities: 
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-K"^ > mult(X,x) -4, 

—K^ > embdim(X, x) — 5. 

Proof. Let f : Y ^ X he the minimal resolution of the singularity 
(X, x) and K the numerical canonical divisor. Let h : Y' Y he a. 
suitable proper birational morphism such that g := f o h : Y' X 
factors through the blowing-up of the maximal ideal xnx,x- Let D he 
the divisor such that Oy'{—D) = mx,xC>Y'- Then —D is relatively nef 
with respect to g and by |jlO[, 3.12, it follows that Pa{D) > 0. If one 
denote by K' the numerical canonical divisor for g : Y' X , it follows 
that h*K = K' - A with A > 0. Noting that {h*K + Df < 0, one 
obtains 

-K^ = -{h*Kf > 2{h*K ■D + D^)-D^ 

> 2{K' ■D + D^)-D^>-A-D^ = -A + muh(X, x). 

On the other hand, by [0] embdimi? < multm-R + dim R — 1 for a 
Cohen-Macaulay local ring (i?, m). Therefore follows the inequality 
involving the embedding dimension. □ 

Immediately by this theorem one obtains the following corollary. 

Corollary 3.3. The multiplicities and the embedding dimensions are 
bounded for the constant —K"^ . 

Theorem 3.4. For a normal surface singularity (X, x), the numerical 
canonical divisor and the arithmetic genus satisfy: 

-K^>4pa{X,x)~3. 
Corollary 3.5. The arithmetic genera are bounded for the constant 

Proof. By the negative definiteness, [K + < for every divisor 
D with the support on the exceptional divisor. Therefore —K^ > 
-D^ + 2{K-D + D^) = -D^ + 4(p„(D) - 1), where -D^ > 1. □ 



Theorem 3.6. The numerical indices are bounded for the constant 
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Proof. Assume that the numerical index r{X, x) is not bounded for the 
constant —K^. Then there exists a sequence of singularities {(X(„), X(„))}„eN 
with constant —K^ such that r(X(„), a;(„)) < r(X(„+i), X(n+i)) for ev- 
ery n. One will show a contradiction by constructing a subsequence 
with the constant r(X(„), a;(„)). Let be the exceptional divisor on 
the minimal resolution of a;(„)). Then, replacing by a suitable 

subsequence, one may assume that y4(„) — > A(^n+i) is a composite of 
(-2)-insertions. Therefore it is sufficient to prove that a (-2)-insertion 
A = El=iE, ^ A' = T.UE[ + E"=ii^, with -K{Af = -K{A'f 
does not change the numerical indices. Denote K{A) and K{A') by 
ELi ^i^i and ELi + E"=i By p], ^ and [Tl, 

n+1 det Mn 

Then mi = m2 because —K{A'Y = — -ft'(v4)^. Let K' be a Q-divisor 
Z]i=i miE[+mi Z]j=i -^i, then it satisfies the equations K'-E[ = 2pa{Ei) — 
2-Ef = K{A') ■ E[ and K' ■ Fj = 2pa{Fj) -2-Ff = K{A') ■ Fj for all 
i and j. By the uniqueness of the solution of these equations, it follows 
that K' = K{A'). Hence the sets {m'-,nj} and {rrii} coincide, showing 
that the numerical indices are the same. □ 

Immediately by this theorem one obtains the following corollary. 

Corollary 3.7. For rational singularities, the indices are bounded for 
the fixed —K^. 

Theorem 3.8. If —K^ is fixed, then the geometric genera pg are bounded 
and also the plurigenera 7^ are bounded for every m G N. 

Proof. Let r be the numerical index of the singularity (X, x). By Kato's 
inequality ((16) of 0) Pg{X, x) < r{—K'^) and by pl6| , the boundedness 
of the geometic genera follows. For the plurigenera, recall the formula 
in[|: 

7m(X, x) = -^m{m - 1) + Pg{X, x) + e, 

where e is bounded. Hence the boundedness of the plurigenera also 
follows. □ 

Recently Tomari obtained an inequality that pg is bounded by [constant) {—K"^) 
from above without the numerical index(|lTT|). 



3.9. The converse of |3T2| , |3^ , |3l6| and of ^[8] do not hold. In fact, for ra- 
tional triple point {X, x), obviously mult(X, x) = 3 and embdim(X, x) = 
4, but —K{In^s,ty 00 as n, s,t 00. As another example, let 
(X(„),a;(„)) be a simple elliptic singularity such that the exceptional 
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divisor on the minimal resolution has the self intersection number 
^(n) = Then r(X(„),X(„)) = 1 and Pg(X(„), = Pa(X(„), a;(„)) = 
1 for every n, but —K'^n) — ^ oo as n — oo. 

3.10. One may expect that —{K + A)^ also has D.C.C. for relatively 
nef K + A, where A = J^biAi with all coefficients bi belonging to a 
D.C.C. set C, as is conjectured in Q for the case of compact surfaces 
and answered in [Q] for that case. For a singularity case, as in this 
paper, it is true for C = {0}, but not true in general. Indeed, take 
C = {1}. Let {X,x) be a non-log-canonical singularity with C*-action. 
For example, take a singularity with C*-action with the following dual 
graph: 
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y 

y-z-y , 
y 

where y's are (-3)-curves and z is a. (-5)-curve. Then (X, x) is a non- 
log-canonical singularity. Let (X(„),X(„)) be the quotient of (X, x) by 
the subgroup < e„ >C C*, where e„ is a primitive n-th root of unity. 
Let : Y(„) X(„) be the log-canonical model; i.e. 
has at worst log-canonical singularities and K(^n) + ^(n) is V5(n)-ample, 
where is the numerical canonical divisor on Y(^n) and is the 
reduced exceptional divisor. Here note that — + A(n))^ is —P^ of 
the singularity (X(„),X(„)). Then by Jig + > -n(K(„) + 

Therefore —{K(^n) + ^(n))^ — > as n — >• cxd. 
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